
Number Line Use with Fractions Notes

1. Introduction

1.1 Welcome
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Notes:

Hello and welcome to RIDE's online module for Fractions in the Common Core State Standards: Number Line Use with Fractions

In order to complete this module, you will need:

An uninterrupted internet connection

An updated internet browser

If the module does not appear to be functioning for you, please make sure your browser is up to date.  To learn how to update your browser you can click on the link on your screen to launch a You Tube video demonstration.

If you are ready to begin click "Next"in the bottom right hand corner

1.2 Orientation
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Notes:

Before we get started we want to orient you to a few important areas on the screen.  

On the bottom you can pause or rewind any slide at any time.  

On the left-hand side, you'll see the menu, which shows you where you are in the module and allows you to quickly find any particular slide you may want to go back to.  This is especially helpful if you want to use this module as a reference later and have a specific slide you are looking for.  

The second tab, next to the Menu displays the audio transcript, or notes for each slide.

The Resources button in the top right links to easy access of any attached materials.  A complete transcript of this module with slide images is available to download by clicking on the Resources button.

To move forward, click on the Next Button in the bottom right hand corner.  

1.3 Overview
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Notes:

This module will take approximately 45 minutes to complete and will be most effective when worked on with a group of colleagues.  We strongly encourage grade-level teams and departments to view the module and engage in conversation as a group.

It is one of many modules available on RIDE's website to support teachers as they work to effectively implement the Common Core State Standards.  

1.4 Objectives
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Notes:

The main objective for this module is to help educators:

Develop a working knowledge of the role of number line use in developing student number sense with and conceptual understanding of rational numbers.

2. Number Lines in CCSS

2.1 Why Number Lines?
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Notes:

How is the number line used as a tool for developing essential mathematics understanding of fractions?

The North Carolina Department of Public Instruction has published a document entitled Use of Number Lines in CCSS. The full document can be found by clicking on the tab in the bottom right hand corner of this slide. 

We are going to look at parts of this document together. 

In the introduction it states, 

"In CCSS, the number line is first explicitly addressed in second grade Measurement and Data. References occur throughout middle school as well as in high school Statistics and Probability. The number line constitutes a unifying and coherent representation for the different sets of numbers which other models cannot do."

It goes on to state, 

"The many uses of the number line were introduced only a few years ago, in part resulting from research at the Freudenthal Institute. Most teachers are familiar only with the traditional number line with the whole counting numbers already in place. Using this model to actually build conceptual understanding of a variety of standards will be challenging."

So, what types of knowledge do we need as educators to overcome this “challenge” and make the number line a valuable tool for our students as they develop a conceptual understanding of mathematics topics? Take some time to think about what this means to you and your own instruction.

If you are completing this module with some colleagues, take a few minutes to talk about the different ways in which you are presently using number lines in your mathematics instruction. What types of number lines are you presently using with your students? How comfortable are you and your students with using number lines as an instructional tool in a variety of contexts? If you are completing this module on your own, take a few minutes to do some self-reflection and write down your thoughts and ideas.

You can also explore the work of the Freudenthal Institute entitled “Use of the empty number line yields flexible thinking” by clicking on the link below 

When you and your team are ready, click on the "next" button to continue on in this module.

2.2 Supporting Curricular Coherence
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Notes:

How do number lines support curricular coherence?

Looking back at the introduction to North Carolina’s number line document, you will see a line that reads, “The number line constitutes a unifying and coherent representation for the different sets of numbers which other models cannot do.” So, why is it important to have a “unifying and coherent representation” for building understanding in mathematics? 

We know that coherence is one of the three underlying principles on which the Common Core standards are based.

Simply stated, curricular coherence allows students to connect their present learning to foundations from previous years and to other domains. In the introduction to the standards, the authors have stated that, “These standards endeavor to follow such a design, not only by stressing conceptual understanding of key ideas, but also by continually returning to organizing principles (in order) to structure those ideas.” 

This idea is fully explained in the Hunt Institute's video The Importance of Coherence, which you can view by clicking on Willliam McCallum's image in the top right-hand corner of this slide.

One way that the authors have worked to achieve this coherence is through the consistent use of visual models/tools that students can use to develop and represent their understanding of multiple concepts and skills at all grade levels.

A key example of this is the use of the number line to develop number sense for a variety of types of numerical units, including whole numbers, rational numbers, and integers. By using a consistent visual model, students are able to connect what they are learning to their prior knowledge by building upon the inherent structures of mathematics. Let’s look at this more closely.

2.3 Composing and Decomposing Quantities
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Notes:

How do number lines support a student’s ability to flexibly compose and decompose quantities?

A key component to number fluency is ones ability to compose and decompose quantities in multiple ways. This work begins in kindergarten when students find pairs of numbers that make quantities up to ten and grows throughout the elementary grades as students use this concept to develop place value understanding and their ability to efficiently solve problems involving all four operations with whole numbers, decimals, and fractions.

Here are some examples of what this work might look like as student knowledge builds across grade levels:

In first grade students are asked to "Use place value understanding and properties of operations to add and subtract." This particular example shows that the student recognized that 30 was composed of three tens and the student was able to use an empty number line to clearly show this place value based solution strategy to correctly find the difference between 60 and 30. 

The second example shows that this student understands that 225 can be decomposed into hundreds, tens, and ones and is able to use an empty number line to show that he can "Use place value understanding and properties of operations to perform multi-digit arithmetic", one of the major goals for both second and third grades. Having this conceptual understanding will enable this student to fluently use the standard algorithms for addition and subtraction in fourth grade.

The idea that quantities can be composed of different types of units is continued as students develop an understanding of multiplication as repeated addition. This third example shows a student using place value and property understanding to perform multi-digit multiplication by decomposing the 15 into one ten and five ones, multiplying these parts separately and then adding the two parts back together. Again this conceptual understanding will lead to the fluent use of the standard algorithm for multiplication in fifth grade.

So, you may be asking, what does this all have to do with fractions? We will explore this connection next.

2.4 Fractions as Numbers
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Notes:

How can number lines be used to help students view fractions as numbers?

When fractions are introduced in third grade two of the biggest understandings that students need to develop are the idea that all fractions are built from unit fractions and that fractions represent quantities on the number line, as an extension of the number system with which they have been working since kindergarten.

The idea that fractions are built from unit fractions extends their knowledge that all whole numbers can be built from ones, tens, hundreds, etc., going back to the idea of composing and decomposing numbers which we explored on the previous slide. So, if students know that the number 5 is composed of 5 ones or 1 + 1 + 1 + 1 +1 and that the number 500 is composed of 5 hundreds or 100+100+100+100+100, then this understanding can be extended to the idea that 5/8 is composed of 5 eighths or 1/8 + 1/8 + 1/8 + 1/8 + 1/8. In other words, in each of these cases, the quantity is composed of 5 copies of a given unit (ones, hundreds, or eighths). 

The empty number line is a useful tool for developing this understanding, because it illustrates the idea that we can make equal jumps of any given size unit to show the composition and decomposition of a quantity, as can be seen here. 5/8 is simply 5 jumps of 1/8. And ¾ is simply 3 jumps of ¼ and so on.

Since the number line is continuous, it is especially helpful when students begin working with fractions greater than one. 

If I were working with an area model and was asked to show seven fourths, I would start by drawing a whole, divide it into fourths, and then work to shade in seven of these fourths. However, I would not have enough, so I would have to draw another whole, again divide it into fourths, and continue shading in fourths until I got to seven. Many students struggle with fractions greater than one because they are seeing the fraction seven-fourths as seven parts out of four, which doesn’t really make sense. 

On the number line however, students can see seven-fourths as simply seven “jumps” of ¼ or seven copies of a unit that is ¼ of a whole. 

2.5 Computing with Fractions
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Notes:

How can a number line be used to support computations with fractions?

When students begin to add fractions with like denominators in fourth grade, they simply extend this idea of composing and decomposing quantities much like they did beginning in kindergarten with whole numbers. 

On a number line when I add two and five, I make a “jump” of two ones and then a “jump” of five ones and see that I will land on seven. When I want to add twenty and fifty, I make a “jump” of two tens and then a “jump” of five tens and see that I will land on seven tens, or seventy. 

So, with fractions, when I add two-eighths and five-eighths, I can just make a “jump” of two eighths and then a “jump” of five eighths and I will land on seven-eighths.  Or if I want to add two-fourths and five-fourths, I would make a “jump” of two fourths and a “jump” of five fourths and I will land on seven-fourths, which I can see is also equal to one and three-fourths. 

This same idea will hold true for subtraction as well, just as it did for whole numbers.

It also extends to multiplication when in fourth grade students are asked to "Apply and extend previous understandings of multiplication to multiply a fraction by a whole number." 

On a number line a student can show 5 X 2 by making five “jumps” of 2 and landing on the product of 10 or 5 X 20 by making five “jumps” of twenty, or two-tens, and landing on the product of 100. Similarly, this student was able to show that five times two-thirds is equal to five “jumps” of2/3 to get a product of ten-thirds or three and one-third.

2.6 Try It Out
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Notes:

Take some time to try out these problems. Be sure to use the number line as a tool when you and your colleagues are working through these problems. As you work, be cognizant of the connections to whole numbers and whole number operations which will enable your students to make sense of the “organizing principles” which make up mathematics. 

 If you would like to explore more problems two useful websites are:

Illustrative Mathematics which has sample problems aligned to the Common Core standards and 

Learn Zillion which has video lessons which are also aligned to the Common Core standards. 

You can find links to both of these websites at the bottom of the screen.

When you are ready, click on the "next" button at the bottom of the slide to continue.

2.7 Using the Number Line to Divide with Fractions
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Notes:

Division with fractions is a particularly difficult concept to understand. Many of us learned that to divide by a fraction you simply multiply by its reciprocal. You may remember being told to just, "Keep. Change. Flip." as a way to remember this procedure. You will get the correct answer by following these steps, but without a conceptual understanding it is difficult for students to determine when they need to multiply and when they need to divide in a problem situation that involves fractional quantities. A lack of understanding also makes it hard for students to determine the reasonableness of their answers. By using a visual model, such as the number line, students are able to develop an understanding of the process which will in turn enable them to more effectively apply it to real world situations and more efficiently compute their answers. 

Here you see an example of a problem where a fifth grade student was expected to "Apply and extend previous understandings of division to divide unit fractions by whole numbers" This student worked to divide 1/3 of a whole (the amount she began with) into 4 equal groups (the number of people wanting some brownies). Notice that the student attended to the whole when naming the final answer of 1/12. 

Other visual models, such as an area model, could also be used to help develop this conceptual understanding, however as you will see in this video from the Learn Zillion website the number line is a particularly useful visual model once students begin to work with non-unit fractions, since the "wholes" are continuous and not discrete.  One note before you watch is that although they identify this as aligning to a fifth grade standard, students are not expected to be able to divide by non-unit fractions until the sixth grade. However, by using the number line as a tool to build understanding throughout their fraction instruction, you will be helping to lay the foundation for their work which will come in the middle school.

When you are ready to watch, click on the video.

2.8 Decomposing to Simplify Computation
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Notes:

When students are comfortable using empty number lines, they know that they can make “jumps” of different sizes because they understand that our number system consists of numerical units of many different quantities, from large units like millions to small units like thousandths. They also come to understand that any given quantity can be composed in multiple ways. This allows them to work more flexibly and efficiently when they are computing, both with whole numbers and with fractions.

When solving a problem such as  [image: image13.png]12 +22



 , having the ability to decompose quantities in different ways can make computation much simpler. For instance, in this problem, if a student were to decompose these two mixed numbers into whole numbers and fractions and then add, instead of converting them to improper fractions, the computation becomes as simple as adding 1 + 2 and [image: image14.png]


. Having the number sense and ability to think flexibly about numbers allows for greater fluency and fewer computational errors. The open number line aides in the development of this fluency by allowing students to visibly track their thinking while they are working through the problem. It also supports their ability to communicate their thinking to others.

Again, this strategy can be extended to multiplication. Here you see how this student decomposed 2 [image: image15.png]


 into 2 + [image: image16.png]


 and then used the distributive property to multiply 2 times 4, or two jumps of 4, to get a product of 8 and then to multiply [image: image17.png]


 times 4 or one half of a “jump” of 4 to get a product of 2, which when added on to eight equals a final product of 10. 

2.9 Try It Out:
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Notes:

Take some time to try out these problems. Again, be sure to use the number line as a tool when you and your colleagues are working through these problems and be cognizant of the connections to whole numbers and whole number operations which will enable your students to make sense of the “organizing principles” which make up mathematics. 

As before, the problems and videos found at Illustrative Mathematics and Learn Zillion can provide you with further practice if you wish. Links to both of these websites are at the bottom of the screen.

When you are ready, click on the next button at the bottom of the slide to continue.

2.10 Equivalence and Unlike Denominators
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Notes:

So far we have looked at how an empty number line can be used to help develop conceptual understanding of fractions as numbers and to help students see the connections between whole number operations and operations with fractions. Thus far we have only worked with fractions that represent the same size unit (ones with the same denominator), but of course this will not always be the case. The number line serves as a valuable tool for students to use to compare fractions, find equivalent fractions, and operate with fractions with different denominators, as well. In each of these cases, the use of stacked number lines will provide students with a visual model that clearly shows these abstract concepts.

The key to the use of stacked number lines is that the “whole” must be the same on each of the lines. Students can then use these lines to compare fractions and find equivalent fractions. They learn that two fractions are equal if they mark the same place on a number line because they are the same distance from 0 or a given starting point. Similarly, fractions that are further to the right on a number line, or that take up more space, are larger than fractions that take up less space, or are further to the left. The stacked number line make this clearly visible to learners, as can be seen here.

It also helps students to see why the algorithm for finding equivalent fractions, multiplying the numerator and denominator by the same quantity, works. On these number lines, one can easily see that  [image: image20.png]R
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, but you can also see that [image: image21.png]


 has twice as many pieces that make up the whole (8 instead of 4) and that there are twice as many pieces shaded in (4 instead of 2). In other words, both the numerator and the denominator were doubled in order to make this equivalent fraction.

They can then extend this model to help them understand the procedure for adding and subtracting fractions with unlike denominators, which of course begins with finding equivalent fractions that have the same denominator. Here a student is being asked to add  [image: image22.png]


 . Using stacked number lines, the student sees that [image: image23.png]
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 and then simply adds [image: image25.png]
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 to get a total of  [image: image27.png]


 . Having experience working with this visual model will allow this student to fluently use the algorithm with understanding as she moves forward.

2.11 Try It Out
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Notes:

Take some time to try out these problems. Again, be sure to use the number line as a tool when you and your colleagues are working through these problems and be cognizant of the connections to whole numbers and whole number operations which will enable your students to make sense of the “organizing principles” which make up mathematics. 

As before, the problems and videos found at Illustrative Mathematics and Learn Zillion can provide you with further practice if you wish. Links to both of these websites are at the bottom of the screen.

When you are ready, click on the next button at the bottom of the slide to continue.

3. Closing

3.1 Further Study Opportunities:
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Notes:

In this module we have worked to deepen our understanding of the use of the number line as a tool for helping students understand fractions and fraction operations. If you would like to further explore these ideas, here are three documents that you and your colleagues may find useful:

· The first is
Progressions for the CCSS Mathematics: 3-5 Number and Operations-Fractions, that was published by the Common Core Standards writing team. This document will help you better understand the progression of knowledge and skills in this particular domain. Pay careful attention to the references to the use of the number line as a tool for developing understanding. The document is formatted into two columns. On the right side of the page, you will find the standards themselves as well as visual examples of what is meant by those standards. On the left side, you will find a narrative further explaining the mathematics behind the standards. In this narrative you will find references to the content standards, for example 3.NF.2 refers to third grade, numbers and operations-fractions, standard number two, and references to the Standards for Mathematical Practice, for example MP3 refers to mathematical practice number three - construct viable arguments and critique the reasoning of others. 

· The second document is Teaching Fractions According to the Common Core Standards by H. Wu, a professor of mathematics at the University of California at Berkeley. This document takes you through instructional strategies for teaching fractions in grades three through five. It also extends this thinking through the middle school when it is connected to student thinking about ratios, rates, and proportions.

· The third resource, Developing Effective Fraction Instruction for Kindergarten through Eighth Grade, is an Institute for Education Sciences practice guide published through the What Works Clearinghouse that includes five recommendations for effective fraction instruction through the elementary and middle school grades. The second recommendation specifically calls for the use of number lines as a way to help students understand fractions as part of the overall number system. This guide provides a synthesis of the research behind this recommendation as well as practical strategies for carrying it out.

If you are not familiar with these documents, you can link to them here. Working through one or more of these documents with your colleagues will enable you to see the progression of ideas and knowledge in this domain through these three grade levels. This will not only help to deepen your own knowledge, but also will help you to support your students in making the connections they need in order to make sense of the organizing principles of mathematics in general. As you read and discuss this document, be sure to pay attention to references being made to the use of the number line as a visual model as well as connections to whole numbers.

3.2 Conclusion
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Notes:

In conclusion, as Dr. Wu states in his document, 

“The shift of emphasis from multiple models of a fraction in the initial stage to an almost exclusive model of a fraction as a point on a number line can be done gradually and gracefully beginning somewhere in grade 4. This shift is implicit in the Common Core Standards. Once a fraction is firmly established as a number, then more sophisticated interpretations of a fraction (which, in a mathematical context, simply mean ‘theorems’) begin to emerge.”

In other words, the research has shown that the number line, better than any other visual model, is able to provide students with the scaffold they need in order to connect their work with fractional units to the previous work which they have done with whole numbers. Going forward, it will also provide them with a tool to help them extend their understanding of numbers and operations to even more complex mathematical units and relationships, and allow them to be successful and confident mathematicians in middle school, high school, and beyond.
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